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A balanced multiple valued filing scheme of order 2 is constructed analogous 
to that of Yamamoto, Teramoto, and Futagami (1972) by deleting a spread in 
a t-dimensional projective geometry. PG(t, s), where t + 1 is not prime. 
Although the bucket structure is the same, the storage and retrieval algorithms 
are based on a difference set representation. The system is characterized by a set 
of parameters whose cardinality is a linear function of the number of attribute 
values. The buckets are identified by two parameters from this set which can 
easily be computed irectly from the attribute values. The storage algorithm 
identifies the buckets corresponding to a record without scanning the list of 
buckets. 
The ideas are illustrated with examples based on PG(5, 2). 
1. INTRODUCTION 
Abraham, Ghosh, Ray-Chaudhur i  (1968); Ghosh, Abraham (1968); 
and Koch (1967) used finite geometries to construct filing schemes involving 
mult iple-valued attributes. Yamamoto, Teramoto, and Futagami (1972) 
[YTF]  constructed a balanced mult iple-valued filing scheme of order two by 
deleting a cyclically generated spread in a finite t-dimensional geometry 
PG(t,  s) where t + 1 is not prime. In  this paper a filing scheme is defined with 
the same bucket structure but  different storage and retrieval algorithms based 
on difference sets. 
Af i leF  is a set of records which are characterized by m attributes A 1 , A2 ..... 
A n . Each attribute A~ can assume afixed number  n of values a a , a~2 ,..., ai~ so 
that the set of values can be represented by an m x n matrix (a,j). Each record 
has an identifying number a and an attribute vector a(a) = (al(a), a2(c~),..., 
am(a)) where ai(c~) za i j  for some j,  I ~ j~n,  for every i=  1, 2,..., m. 
In  a computerized filing system, the location of a is identified by some address 
A(~) called the accession umber of ~. Once ;~(a) has been determined the actual 
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record corresponding to e can be retrieved. The accession numbers are 
usually stored in a relatively faster memory area 21//. A retrieval request or 
query Q of order k is a request o retrieve from the file F the subset of all 
records which contain k given values for k specific attributes, k ~< m. A 
filing system consists of the setsF, M together with a storage rule and a retrieval 
rule. The storage rule defines a subset ~(~) of M where the accession umber 
A(~) of ~ is stored. The retrieval rule locates the accession umbers of all 
records which satisfy any query of order h or less. 
The set M is partitioned into b subsets called buchets (each of which is 
partitioned into subbuckets). A balanced multiple-valued filing scheme (BMFS) 
of order h is a filing system of order k such that records pertaining to any k 
values in k different attributes appear in one and only one bucket. It is assumed 
that the number of records in a bucket will not be greater than the number of 
records in F, and to every bucket there corresponds an algebraic method of 
identification. The redundancy is the average number of times the accession 
numbers are stored assuming all possible records are equally likely. 
In the BMFS in YTF  k = 2 and each record occurs at most once in a 
bucket. The BMFS constructed in this paper has the same structure with 
storage and retrieval algorithms involving sets of parameters based on 
difference sets. 
A primitive representation of PG(t, s) is used in Section 2 to derive a 
difference set representation of the lines. This is used in Section 3 to obtain 
the bucket structure in terms of difference sets. Storage and retrieval 
algorithms are given in Section 4 in terms of parameters based on the differ- 
ence set representation. Examples are included to illustrate the ideas. These 
are based on PG(5, 2) which has two cyclically generated spreads which 
correspond to different BMFS schemes of order 2. 
2. DIFFERENCE SET REPRESENTATION OF THE LINES OF PG(t, s) 
We begin by reviewing the basic geometrical concepts. The r-fiats of 
PG(t, s) are represented as the subsets of cardinality 
q~ = (s r+: - -  1)/(s --  1) 
of the finite field K~+: = GF(s *+1) which are linearly dependent relative to 
K:  = PG(s) (i.e., a subfield of Kt+: isomorphic to K:) on r -]- 1 elements; 
the points are the 0-flats and the hyperplanes the t --  1-flats. Any nonzero 
element ofKt+ 1 can be represented in the form x * for some i = 0, 1,..., s *+x -- 1 
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where x is a primitive element (which exist in every finite field). Further x ~ 
is in K 1 for every i of the form i = j ( s  ~+1 - -  1) from which it follows that the 
points of PG(t, s) can be represented in the form 
x ° = 1, x,..., x q'-l, (2.1) 
where q~ is defined above, or equivalently by the integers 
0, 1,..., q~-  1 (2.2) 
taken modulo q~. We denote this set by P. 
The primitive element x satisfies an irreducible equation of degree t -+- 1. 
Thus there exist elements a0 , a 1 ,..., a, in K 1 such that 
x ~+1 = a~x ~ -1- a t - i x  ~-1 -t- "'" -1- ao .  (2.3) 
By successive multiplication by x and using (2.3) to reduce terms of degree 
greater than t, xJ is expressible in the form 
or  
x j = a, jx~ -t- a~_lx*-I  + "'" -t- aoJ (2.4) 
j -~ (a{a~_ 1 " 'aoO (2.5) 
for everyj -= 1, 2,..., q, -- 1. In this way all the points (2.1) of PG(t, s) have 
been expressed by (2.4) as a linear combination of the points 1, x, . . . ,  x ~. 
The elements of the q, × (t -k 1) matrix (a, j) with elements in K 1 are easy to 
calculate once (2.3) is known. 
EXAMPLE 2.1. The equation 
x 6 = x + 1 (2.6) 
is irreducible over GF(2) and any root x is a primitive element. This is easily 
verified by noting that the 63 powers of x are all different. These are listed in 
Table I in the form (2.5). I f  any power of x less than q~ is equal to 1, Eq. (2.3) 
is not primitive (even though it may be irreducible). Primitive polynomials are 
not unique; for example, it can be verified that x ~ = x 5 + x 3 + x 2 -t- 1 is a 
primitive equation which can be used in place of (2.6). 
When the points of PG(t, s) are represented in form 2.1 in terms of a primi- 
tive elements of Kt+ 1 the mapping X: x, --~ x ~+1 is a collineation of PG(t, s) 
i.e., i fL  is a line of PG(t, s) then the setL'  ~ xL (obtained by applying g to 
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0 = (0 0 0 0 0 1) 21 = (1 1 1 0 1 1) 42 = (1 1 1 0 1 O) 
1 = (0 0 0 0 1 O) 22 = (1 1 0 1 0 1) 43 = (1 1 0 1 1 1) 
2 = (0 0 0 1 0 O) 23 = (1 0 1 0 0 1) 44 = (1 0 1 1 0 1) 
3 = (0 0 1 0 0 O) 24= (0 1 0 0 0 1) 45 = (0 1 1 0 0 1) 
4 = (0 1 0 0 0 O) 25 = (1 0 0 0 1 O) 46 = (1 1 0 0 1 O) 
5=(100000)  26=(000111)  47=(100111)  
6 = (0 0 0 0 1 1) 27 = (0 0 1 1 1 O) 48 = (0 0 1 1 0 1) 
7 = (0 0 0 1 1 O) 28 = (0 1 1 1 0 0) 49 = (0 1 1 0 1 0) 
8 = (0 0 1 1 0 0) 29 = (1 1 1 0 0 O) 50= (1 1 0 1 0 O) 
9 = (0 1 1 0 0 O) 30 = (1 1 0 0 1 1) 51 = (1 0 1 0 1 1) 
10 = (1 1 0 0 0 O) 31 = (1 0 0 1 0 1) 52 = (0 1 0 1 0 1) 
11 = (1 0 0 0 1 1) 32= (0 0 1 0 0 1) 53 = (1 0 1 0 1 O) 
12 = (0 0 0 1 0 1) 33 = (0 1 0 0 1 O) 54 = (0 1 0 1 1 1) 
13 = (0 0 1 0 1 O) 34 = (1 0 0 1 0 O) 55 = (1 0 1 1 1 O) 
14 = (0 1 0 1 0 0) 35 = (0 0 1 0 1 1) 56 = (0 1 1 1 1 1) 
15=(101000)  36=(010110)  57=(111110)  
16 = (0 1 0 0 1 1) 37 = (1 0 1 1 0 0) 58 = (1 1 1 1 1 1) 
17 = (1 0 0 1 1 0) 38 = (0 1 1 0 1 1) 59 = (1 1 1 1 0 1) 
18 = (0 0 1 1 1 1) 39 = (1 1 0 1 1 O) 60 = (1 1 1 0 0 1) 
19 = (0 1 1 1 1 O) 40= (1 0 1 1 1 1) 61 = (1 1 0 0 0 1) 
20 = (1 1 1 1 0 O) 41 = (0 1 1 1 0 1) 62 = (1 0 0 0 0 1) 
each po in t  of  L)  is also a l ine o f  PG( t ,  s). Fur ther  the  set o f  d i f ferences of  
the  po in ts  o f / ,  ( in the  representat ion  P )  is the  same as the  set o f  d i f ferences of  
L '  modu lo  q , .  We use th is  observat ion  to obta in  a d i f ference set representat ion  
of  the  l ines o f  PG( t ,  s). The  representat ion  P g iven by  (2.2) is used  for  the  
po ints .  
T~EOREZVI 2.2. There exists a set of lines through the origin 
C~ ={cf f ,  j = 1, 2,..., q~} i = 1, 2,..., 7 (2.7) 
such that for every d = 1, 2,..., q~-  1 there exists a unique integer ia, 
1 ~ ia ~ 7 such that d occurs among the differences of the points of Cie. Every 
line of PG( t ,  s) can be represented in the form X~C~ for some i, j. Further if 
q~ = r (d  @ 1) one of the lines, say C~ has the points {rj, j = O, 1,..., d}. 
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We first show that i fL 1 and L 2 are any two lines through 0 then the sets of 
differences DL 1 and DL 2 of the points of L 1 and L~ respectively rood qt are 
identical or disjoint. Suppose d is common to DL 1 and DL 2 . Then d = 
a 1 - -  b z = a S --  b a where a l ,  b 1 ~ DL  1 and a S , b~ ~ DL  a . Since X is a collinea- 
ton, X-biL l  is a line containing the points 0, d. Similarly X-b2L2 is a line con- 
taining the points 0, d. Since this line is unique and since the collineation 
X -bl, X -b2 preserves differences, the lines L 1 and Le have the same set of 
differences. 
Let C 1 denote the line containing the points 0, 1. Let c denote the smallest 
integer (mod qt) not in the set of differences DC 1 of the points of C 1 . Let C 2 
denote the line containing the points 0, c. By the previous remarks the sets 
DC 1 and DC a are disjoint. I f  all the differences are included 7 ~ 2. Otherwise 
continue in the same way. After C1, C~ ,..., C k have been constructed so that 
DC 1 , DC 2 ,..., DC~ are disjoint sets of differences let Ck+ 1 denote the line 
containing 0, c where c is the smallest integer (mod qt) not in the set 
DC 1 LI DC~ t.3 ... td DCk .  I f  no such integer exists, set y ~ k. It  is clear from 
the construction that these sets C1, C a .... , C~ satisfy the conditions of 
Theorem 2.2 and that every line can be represented in the form 
x iC j  for some i, j. 
Once c has been determined the remaining points on the line can be deter- 
mined as follows. For every h of K1, x c -}- A is a point of C~+x, i.e., for every 
h the point 
x c + A = atCxt + aot-lXt-1 -~ "'" + aoC -~ h 
is on C k . These points are then immediately available from the representa- 
tions (2.4), (2.5). 
The period of a line (relative to X) is qt unless C~ is a cyclically generated 
spread of lines in PG(t, s). As proved in YTF  this can only occur if t is odd. 
EXAMPLE 2.3. To illustrate Theorem 2.2 we use Table I to find the lines of 
PG(5, 2). Since 1 = (000010) the remaining point on the line 01 is (000011) 
by the above construction. Glancing down Table I we find that this is the 
point 6. This yields C t ~- {0, 1, 6}. The lowest difference not in D(C1) = 
{1, 5, 6, 57, 58, 62} is 2. Since 2 = (000100) the remaining point on 0, 2 is 
(000101) ~ 12. Continuing in this way we find that ), --  11 and the eleven 
lines determined by Theorem 2.3 are 
C1 = {0, 1, 6}, C5 ~- {0, 7, 26}, Ca = (0, 13, 35}, 
C2 = {0, 2, 12}, C6 = {0, 8, 48}, C~o = {0, 16, 33}, 
C a = {0, 3, 32}, C7 = {0, 9, 45}, C~ = {0, 21, 42}. 
Ca = {0, 4, 24}, C a = {0, 11, 25}, 
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Notice that the first 10 lines have period 63 relative to the collineation X 
so that the 630 lines xiC~ i = 0, 1,..., 62; j  = 1, 2,.., 10 are distinct. These 
together with the 21 lines x IC l l  i = O, 1,..., 20 are the 651 lines of PG(5, 2). 
In this case t = 5 is odd and Cll generates a spread of lines relative to X. This is 
a special case of the more general theorem discussed in Section 3. 
3. BUCKET STRUCTURE 
Let d + 1 be a divisor of t + 1. It is shown in YTF  that there exists a 
cyclically generated spread of d-flats in PG(t, s). Since the number n of points 
in each d-flat is qa, the number m of d-flats in the spread is qjqa • As in YTF  
we let the d-flats of the spread correspond to the attributes A i i ---- 1, 2,.. . ,  m, 
and let the points of the d-flats correspond to the values ai~ of attribute A s . 
Using the representation P for the points we have 
where 
A~={i+jm,  j=O,  1 , . . . ,n - -1} ,  i= l ,2 , . . . ,m,  (3.1) 
m - -  qtlqa n = qa. (3.2) 
Under this correspondence each record corresponds to a set of m points each 
of which lies on a different d-flat of the spread since it has one value corre- 
sponding to each attribute. Thus the records, i.e., the attribute vectors of the 
records have the representation 
a = (a 1 ,a  s , . . . ,a~)  a i = imodm (3.3) 
since a s ~ A i  i = 1, 2,..., m. Notice that each a i can assume n different values 
mod qt and m by (3.2). Let R denote the set of all records. 
EXAMPLE 3.1. There are two cyclically generated -flats in PG(5, 2) 
corresponding to d ~ 1, 2. For d = 1, m = 21, n ~ 3, and the attribute 
sets A, have the representation 
Ai = {i, i + 21, i + 42} i = 1, 2 , . ,  21. (3.4) 
The attribute vectors of the records a a R have the form 
a = (a l ,  a 2 ,..., a21) ai = i rood 21 (3.5) 
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for example, a = (1, 2,..., 21). In the case d = 2, m = 9, n ~ 7 
Ai = (i + 9j, j ~ 0, 1,..., 6}, i = 1, 2,..., 9 (3.6) 
a =(a l ,a  2,...,a9) a ,= imod9.  (3.7) 
Again following YTF  we identify the set of buckets B with the set of lines 
of PG(t, s) which do not lie on any of the d-fiats ~/1, A2 .... , ~/m • Since there 
is a unique line joining every pair of points on different d-fiats Ai the set of 
buckets B satisfies one of the design specifications for a BMFS of order 2. 
The cardinality b of B is given by 
b = n2m(m - -  1)/s(s - r  1). (3.8) 
The elements of B can be found using Theorem 2.3. 
From 3.1 it follows that the differences of points on the d-fiats A~ i = 
1, 2,..., m equal 0 modulo m. Since X is a collineation, xJC~ will be a line of one 
of these d-fiats whenever Ci is. Thus if we eliminate all lines Ci from (2.7) 
containing points whose differences are 0 mod m, the remaining lines 
generate B. I f  one of the lines has period -~qt let it be B(/3, 0) where/3 is the 
total number of lines. 
THEOREM 3.2. Let B(i, O) i = 1, 2,..., /3 denote the subset of lines 2.7 not 
containing pairs of points whose differences equal 0 rood m, and let B(i, j)  = 
XJB(i, 0). Then every bucket of B can be represented in the form B(i, j) for some 
i, j, 1 ~ i ~ /3, 0 ~ j ~ qt -- 1. I f  t is odd and i ~ /3 j can be restricted to the 
range 0 <~ j ~ qt/(q~ -- 1). 
Recalling that in this representation f the points, X corresponds to addition 
modulo qt, it follows that the set of points B(i, j) has the same set of differences 
as B(i, 0) for every j. This property enables us to determine in a very simple 
manner the bucket containing any given pair of points p, p'.  For i fp  --  p'  = d 
Theorem 2.2 implies that precisely one line B(i, 0) contains points p~, Pi' 
such that Pi -- Pi' = d. Then the line B(i, j), j = p -- pi(mod m) contains 
the points p, p'.  
The points of B(i, j) taken in ascending order of minimum nonnegative 
residues (rood q~) will be denoted by b~j, k = 0, 1 ..... s. 
THEOREM 3.3. Let p, p' denote two points of PG(t, s) not on any of the d 
flats A1, A~ ..... A~.  Then p, p' are on the line B(i, j), where B(i, O) is the 
unique line (2.7) containing the difference d = P i -  P i '=  P -  P' and 
J = P - -p imodqt .  
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EXAMPLE 3.4. For d = 1 the 1 flat A21 in (3.4) of Example 3.1 is the line 
C n of Example 2.3. It  follows that fi = 10 and we can set B(i, 0) = Ci ,  
i = 1, 2,..., 10. The 630 lines B(i , j ) ,  i = 1, 2,..., 10; j = 1, 2,..., 63 are the 
buckets. In the case d = 2 the line C 7 lies in the 2-flat A 9 of (3.6) and we can 
set B(i, O) = Ci , i = 1, 2,..., 6, B(i, O) = Ci+l , i = 7, 8, 9, 10. In this case 
there are only 588 buckets ince Cll has order 21 relative to X. 
4. STORAGE AND RETRIEVAL 
Every record a ~ R has the representation a = (a  1 , a 2 .... , a,~), 
ai = i (mod m). We shall put the accession umber of a into every bucket 
determined by the pairs (a~, as) to handle queries of order 2 and into m 
additional buckets to handle queries of order 1. An admissible query of order k 
is a k-tuple q = (ql, q2 .... , qk) such that q l ,  q2 ..... q~ are attribute values in 
the representation P such that q~ @ qj (mod m) for every i @ j .  
By Theorems 2.2 and 3.2, differences of pairs of points on the lines B(i, 0), 
i = 1, 2,..., fi are in 1-1 correspondence with the residues mod qt =/: 0 which 
are nonzero mod m. Thus for every k e P k ~ 0 mod m we can define unique 
integers A(k), /z(k) 1 ~< h(k) ~< fi, 0 ~</z(k) < qt as follows. Let B(A(k), O) 
denote the (unique) block containing two points p, p' with difference k, 
k : p - -  p' ,  and let/z(k) = p. 
Applying Theorem 3.3 we have 
THEOREM 4.1. Let p, p' E P denote any points such that k = p --  p'  =~ 0 
mod m. Then p, p' are in the (unique) bucket B(A(k), p --/x(k)). 
It is clear that only half the values of k need be used since - -k  = p '  - -  p 
(for k = p - -p ' )  leads to the same bucket. For convenience let [P - -P ' [  
denote the minimum positive residue modulo qt equivalent to k or - -k.  
EXAMPLE 4.2. These ideas will be illustrated in the case of PG(5, 2) 
with d - 2. Referring to Examples 3.4 and 2.3 we first construct the functions 
A(k),/x(k) for k ~ 0 mod m in the range 1 ~ k ~ [qt/2]. These are shown in 
Table II. In this case m = 9, n = 7. 
The 56 constants in the table are sufficient for the storage and retrieval of 
any of the 79 different records a = (a 1 , a 2 .... , ag), as = i (mod 9), for the 588 
buckets. For example consider the record (10, 2, 21, 22, 32, 15, 43, 50, 18). 
The pair (10, 2) corresponds to k = 10 - -  2 = 8. Consulting Table I I  and 
the above theorem we find that the record should be put into the bucket 
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TABLE II 
1 1 1 10 2 12 19 5 26 
2 2 2 11 7 11 20 4 24 
3 3 3 12 2 12 21 10 21 
4 4 4 13 8 13 22 8 35 
5 1 6 14 7 25 23 6 8 
6 1 6 15 6 0 24 4 24 
7 5 7 16 9 16 25 7 25 
8 6 8 17 9 33 26 5 26 
28 8 0 
29 3 32 
30 9 0 
31 3 0 
B(6, 2). Example 3.4 shows that B(6, 0) = C~ = (0, 8, 48) so that B(6, 2) ~- 
{2, 10, 50} which does indeed contain the pair (10, 2). The pair (22, 43) 
corresponds to the block B(10, 1). The remaining 34 pairs are handled in the 
same way. This is sufficient for all admissible nquiries of order 2 involving 
this record. In order to handle enquiries of order 1 it is also necessary to put 
the record into 9 additional buckets. These can be taken to be B(1, 10), 
B(1, 2), B(1, 21),..., B(1, 18). 
In the case d = 1 there are 60 constants for retrieving from the 630 buckets 
obtained in Example 3.4. 
In the following storage and retrieval algorithm the subbucket structure is 
equivalent to that of YTF.  The labels on the subbuekets are described in 
terms of the following operator. 
Let a ~ A denote a record as before and let p denote any attribute value or 
point and let/5 (1 ~</5 ~< m) denote the residue ofp mod m. Let ~ denote the 
mapping from the A × P to the numbers 0, 1 defined by 
~(a, p) = ~(a~, p) 
where 3(p, p')  is the Kronecker 3, i.e., ~(p, p')  = 1 i fp = p',  and 0 otherwise. 
Let • denote the mapping from A × B to the integers defined by 
a • B( i , j )  i ~(a, ~ k = blj) 2 . 
k=O 
4.3. STORAGE ALGORITHM. As in Algorithm 4.2 let a = (a 1 , a2 .... , a.)  
denote any record of A. 
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(1) Compute the subsets C1, C 2 of B defined as follows 
C1 = U {B(io , ai)}, 
i 
Cz = U {B(a(k), a~ - -  if(k))}, 
z<S 
where k = ] a~ - -  as r, l = i if k =-  a i - -  a s and 1 = j if k = a s - -  a i . 
SetC  = ClvA C 2. 
(2) For each B(i, j )  e C store the accession umber of a in the sub- 
bucket of B( i , j )  with label a • B( i , j ) .  
In this case each record is stored at most once in a bucket. The number of 
subbuckets of the q~ buckets B( i  o , j ) j  ~ 0, 1,..., q~ - -  1 is 2 8+1 - -  (s @ 1) and 
the number of subbuckets in the remaining buckets is 2 ~+1 - -  (s -{- 2). 
One basic difference in the storage algorithm is the fact that the buckets for 
storage are computed irectly from a. In YTF  each bucket in B is checked. 
4.4 RETRIEVAL ALGORITHM. (i) I f  q = (q, ,  q~) is an admissible query 
of order 2, ql > q2 set k = ql - -  q2 and let r , ,  r 2 denote the least nonnegative 
residues of ql ,  q2 mod m. Compute the set of integers 
S(q l ,qz )  = 12~ q - 2r= ~ - 2~i 2i ~i = O, 1, 0 < i < s , i  C - r l , r21 .  
Retrieve all accession umbers in all subbuckets of B(A(k), ql - -  if(k)) with a 
label in S(q 1 , q2). 
(ii) I f  q = (qi) is an admissible query of order 1, define r1 as above and 
compute the set of integers 
S(ql) ~-12"1 @ Z ~i2~ Ei = O, 1,0 < i < s, i =A rl!. 
Retrieve all accession umbers of all subbuckets of B(i0, qa) with a label 
in S(q~). 
The set S(q l ,  q2) is the set of labels of all subbuckets of the corresponding 
bucket which contain q l ,  q2 • Similarly S(ql) contains the labels of all sub- 
buckets of B( i  o , ql) containing ql-  
138 GERALD BERMAN 
THEOREM 4.7. The system of attributes and buckets defined in Section 3 
together with algorithms 4.3 and 4.4 is a BMFS of order 2 with redundancy 
R- -m(m- -1)n  2 l l _ ( l _ / )~(1  +s) l  +m(1  1)  (4.1) 
s(s + 1) 
~(2)+m (4.2) 
Each accession umber is stored in at most 1 subbucket of a given bucket. 
The formula (4.1) for R and the inequality (4.2) are proved in [5]. 
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